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Dedicated to the memory of Prof. Gheorghe Vranceanu 

Abstract, in this note, we give conditions which ensure the reduction of a 
symplectic connection in the process of a Marsden-Weinstein reduction and of 
the reduction of a presymplectic manifold. 



Symplectic reduction is a technique which produces new symplectic man- 
ifolds from either symplectic manifolds with symmetries or presymplectic 
manifolds ||. The aim of this note is to formulate conditions which ensure 
that a compatible connection on the initial manifold induces a compatible 
connection on the reduced manifold. Everything in this note is of the class 
C°°. 

For me, this subject is related with the name of Vranceanu because my 
Ph.D. thesis [|J was on the subject of symplectic connections, and Vranceanu 
was one of the referees. 

1 Marsden-Weinstein Reduction 

We refer the reader to for the original Marsden-Weinstein reduction the- 
orem. In this theorem, the basic configuration consists of: (i) a symplec- 
tic manifold M 2n with the symplectic form u; (ii) a Hamiltonian action 
$ : G x M — > M of a Lie group G on M with an equivariant moment map 
J : M — > Q* (the dual space of the Lie algebra Q of G); (iii) the level set 
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G := of a non critical value £ G Q* . Then, if G^ is the isotropy sub- 

group of £ for the coadjoint action of G on the group G^ acts on C, and, 
if N := G/Gg is a manifold, induces a symplectic structure a/ on N. 

Let us assume that (M, is also equipped with a symplectic connection 
V i.e., a torsionless linear connection on M such that Vcu = (e.g., ||). In 
order to formulate a corresponding reduction theorem, we need the following 
notions: a) if the action $ preserves the connection V we say that $ is an 
affine action [|IJ, b) a submanifold C C M such that TG is preserved by 
V-parallel translations along paths in C is called a self-parallel submanifold. 
Then, we get 

1.1 Theorem. Let (M,u) be a symplectic manifold with a symplectic con- 
nection V and an affine Hamiltonian action $ of the Lie group G which has 
the equivariant moment map J. Let £ G Q* be a non critical value of J such 
that C := </ _1 (0 is V -self-parallel, and such that the reduced symplectic 
manifold (N = C/G^u') exists. Then V induces a well defined symplectic 
connection V' on (N, u') . 

Proof. Since C is self-parallel, the values of VjfF are tangent to C whenever 
1,7 6 TTC (r denotes spaces of global cross sections of bundles), and V 
may also be seen as a linear connection on C. 

On the other hand, the connected components of the orbits of G^ in C 
define an isotropic foliation X such that TX = (TC)^ PI TC, and, since V is 
a symplectic connection, the bundle TX is parallel with respect to V. 

Now, we will use the connection V to define an induced connection V 
on iV as follows. If X, y G TTN, we have X = ir^X, y = tt*Y, where 
7i : C — ► C/G^ is the natural projection and X, Y are G^-invariant vector 
fields on G defined up to a term in TTX. Accordingly, we shall take 



and show that the result is well defined. The reasons for that are: 

1) the result of (1.1) does not change if Y i— > Y + Z, Z G TTX, because 
TX is V-parallel; 

2) the same is true if X i— > X + Z, Z G TTX, since 



(1.2) is justified by the fact that V has no torsion and preserves TX, and 
by the fact that, locally, Z = Y^i^iZi where ifi G G°°(G) and Z^ G TTX 



(1.1) 



v^ = 7r*(v x y) 



(1.2) 



v z y = v Y z + [y, z] g rrx; 
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are infinitesimal actions of elements of the Lie algebra Q% on C, therefore, 
[Y, Z] = J2i(Y<Pi)Zi G YTI because of the invariance of Y; 

3) in (1.1), the vector field V ' xY is projectable since the action $ of G 
is affine, which means that, Vg G G, the transformation <& g (x) := <&(g,x) 
(x G M) satisfies the condition 



It would be interesting to have conditions which imply the fact that the 
level submanifold C of Theorem 1.1 is self-parallel. We can give one such 
condition which, unfortunately, is not simple to use. Namely, let us agree 
to say that the moment map J is affine if, whenever J is constant along a 
path 7 in M, the differential J* is constant along any V-horizontal lift 7 of 
7 to TM. It is easy to see that if J is an affine moment map, C = J~ 1 (^) is 
self-parallel for all the non critical values £ G Q* . Indeed, for Y G TTM with 
Y/c G TTC, and if X G T XQ C (x G C), one has § 



where x(t) is a path in M such that x(0) = Xq, x (0) = X , and Tq : 
T x mM — > T X0 M is the V-parallel translation along Accordingly, if 
is in C then, because of the affine character of J, (Vx Y)x ^ T XQ C, and the 
submanifold C is self-parallel. 

An example where Theorem 1.1 applies will be given at the end of the 
next section. 

2 Cotangent Bundles 

An important example of a Hamiltonian action as required in reduction the- 
ory is provided by the natural lift $* of an action $ of a Lie group G on a 
manifold P to the cotangent bundle T*P. The latter is endowed with the 
canonical symplectic structure u = —dX, where A is the Liouville 1-form 

(2.1) X a (X) =< a, tt,X >, a G T*P, X G T a T*P, tt : T*P -> P, 

and $* has the moment map J : T*P — > given by 



(1.3) 



Mv*y) = v* 9 ,x($ 9 *y). 



Q.e.d. 



(V Xo Y) Xo = hmUr*(Y(x(t))) - Y(x )}, 



(2.2) 



< J(a),A >=< a, A P (ir(a)) >, 
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where a is as in (2.1), A G Q, the Lie algebra of G, and Ap is the infinitesimal 
transformation defined by A on P 0. 

In this section, we assume that the action $ is affine with respect to a 
torsionless connection V p on P, and show how to get a symplectic connection 
V on T*P with respect to which the action $* is affine. This sets the scene 
for possible applications of Theorem 1.1. 

Let V be the vertical distribution tangent to the fibers of M :— T*P, and 
TC be the horizontal distribution of the connection V p on M. The following 
formula defines a connection V n on the vector bundle TC: 



[2.3) V^Y 



pr H [X,Y] if X G TV, Y G TTC, 

v£^7t«,y if x g r pr n, y g r pr n, 



where tilde denotes the operation of taking the horizontal lift, pr stands for 
projectable, and projectability is with respect to n. If Y of the second line of 
(2.3) is of the general form Ei¥>f*i, wh ere <p t G C°°(M), Y 4 G r pr ft, V^F 
is to be derived from (2.3) by means of the general properties of a covariant 
derivative. Notice also that the first line of (2.3) is equivalent to V^Y = for 
all X G TV and for all Y G T pr TC. It is easy to understand that (2.3) indeed 
provides a connection on TC; in fact, it is a Bott connection with respect to 
the foliation by the fibers of T*P |3|]. 

The connection V w transposes to a connection V w * on the dual bundle TC* 
of TC. On the other hand, the musical morphism Jj^ := bj 1 is an isomorphism 
between TC* and V (e.g., [|). Hence, V v := |t ° V H * o b w is a well defined 
connection on the vector bundle V. 

Accordingly, we obtain a natural lift V M := V n © V v of the connection 



V p to a connection on T*P. This connection satisfies the condition V l± uj 



jM 

uiic tunuinuii v 

0. Indeed, let (x l ) be local coordinates on P such that 



< 2 - 4 > v A5h r *-5? 

and let (yi) be the corresponding covector coordinates. Then, (x\yi) are 
local coordinates on M, and 

(2.5) V = span j A j , W = span | Xi := A + I^y. A| , 

(2.6) V* = span{9i := dyi - T s ik y s dx k }, TC* = spanldx*}, 
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(2.7) 



uj = dx l A dyi = dx 1 A 0j. 



In all these formulas the Einstein summation convention is used. 
Accordingly, we get the following local equations of V M 




and V w = follows by straightforward computations. 

Furthermore, if we come back to the V p -affme action $, its affine char- 
acter implies the invariance of the horizontal distribution TC by $*. Then, 
if we use Y G T pr TC on the first line of (2.3) it is easy to check that the 
connection V M satisfies condition (1.3). Therefore, M is endowed with the 
^-compatible connection V M and the affine Hamiltonian action $*. 

This is not yet the required situation since V M may have torsion ||. To 
fix this, let 



be the connection on M known as the symmetric part of the connection V . 

o 

Then V is a torsionless connection which satisfies the condition (1.3), hence, 
it is preserved by the action $* but, it is no more symplectic. 

However, there exists a well known transformation of such a connection 
which yields a symplectic one. Namely (e.g., [[J): 



vfy := vpx + [x,Y] 



be the transposed connection, and 



(2.9) 



V X Y =VxY + A(X,Y), 



where A(X, Y) is defined by the relation 



(2.10) 



u(A{X,Y),Z) = ^(Vx oj){Y,Z) 



+ i{(Vy u)(X,Z) + (Vz u){X,Y)}. 
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Since both V and u are invariant by the action $* of G, the connection V of 
(2.9) satisfies condition (1.3). Therefore, the action $* is affine with respect 
to the connection V, and we are done. 

Now, as a corollary of the above construction and of Theorem 1.1, we 
have 

2.1 Proposition. Let P be an arbitrary manifold with a linear connection 
V p , and an affine action $ of a Lie group G. Then, the cotangent bundle 
T*P with the canonical symplectic structure u has a well defined symplectic 
connection V (the lift ofV p ) which is preserved by the lift $* of $. Fur- 
thermore, if there exists £ G Q* which is non critical for the natural moment 
map J of $* (given by (2.2)), and such that J _1 (0 is V -self-parallel, the 
connection V reduces to a symplectic connection of the reduced manifold 
J _1 (0/Gf (if the latter exists). 

We end this section by a simple example which illustrates both Propo- 
sition 2.1 and Theorem 1.1. Take P = R™ with the natural flat torsionless 
connection V. Then, any affine subgroup on R™ is affine with respect to V, 
and we will use the group G given by 

(2.11) x a = sx a + t a , x u = x u , 

where a — 1, . . . , h < n, u — h + 1, . . . n, (x a , x u ) are natural coordinates in 
R n , and s,t a G R, s ^ 0. 

Then, T*P = R 2ri with coordinates (x l ,yi) (i = l,...,n), and with the 
canonical symplectic form (2.7). Furthermore, in (2.4) = 0, and it follows 
from (2.8) that the lifted connection V is exactly the natural flat torsionless 
connection of R 2n . The action defined by (2.11) on covector coordinates (j/j) 
is given by 

(2.12) y a = -y a , y u = y u . 

s 

Thus, the resulting action on R 2n is affine with respect to the flat connection 
V. 

An infinitesimal action of the Lie algebra Q of G is obtained from (2.11) 
by taking s = 1 + e<r, t a = er a , where (a, r a ) is a vector in Q, then, taking 
the derivative with respect to e at e = 0. 
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Now, (2.2) shows that the moment map J has the expression 

h 

(2.13) J(x,y) = (E* a y a ,yi,...,y h )eG*, 

a=l 

and, for instance, it follows that £ = (0, 1, 1) G Q* is a non critical value 
of J. The corresponding level set J~ 1 (£) has the equations 

ft 

(2.14) y 1 = l,...,y h = l,Y t x a = 0, 

a=l 

and it is a plane of dimension 2n — h — 1 in R 2ra . Therefore, J _1 (£) is self- 
parallel with respect to the flat connection V. From (2.12), (2.13), we see that 
the isotropy subgroup G^ consists of the transformations (2.11) where s = 1 
i.e., translations of the coordinates (x a ) such that J2a=i x<x = (notation 
of (2.11)). Accordingly, the orbits of are the (h — l)-dimensional planes 
through the points of J -1 (£), where the coordinates in the planes are (x a ) 
with Y^a=i x<1 = 0- Therefore, we have a quotient manifold 

(2.15) J-\Z)IGt = R 2(n - ft) = {(x u ,y u ) n u=h+1 )}. 

The restriction of the form uj to «/ _1 (£) is uj' = X)"=/i+i dx u A dy u , and this 
also is the expression of the reduced symplectic form induced by uj. We see 
that we are in a situation where Proposition 2.1 and Theorem 1.1 apply, 
and the reduced symplectic connection is again the natural flat torsionless 
connection of R 2(n-?i ). 

3 Presymplectic Manifolds 

From the geometrical point of view, the basic configuration where symplectic 
reduction is encountered is that of a presymplectic manifold i.e., a (2n + p)- 
dimensional differentiable manifold M endowed with a closed 2-form uj of 
constant rank 2n. Then, the j9-dimensional distribution 

/ := span{X G TTM / i(X)w = 0} 

is integrable, and yields a foliation X, T1 = I, called the characteristic foli- 
ation. Furthermore, if the space of leaves Q = M/X is a Hausdorff manifold, 
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Q is endowed with the reduced symplectic form u' which is the projection of 
uj, and (Q,w') is the reduced symplectic manifold of (M,w) @. 

Let us define a presymplectic connection on a presymplectic manifold 
(M,u) as being a linear connection V on M which is cu-compatible i.e., 
Vcu = 0, and its torsion T v takes values in the vector bundle I. Then, let 
us assume that (M, u) is endowed with a presymplectic connection V. We 
want to find conditions which ensure the existence of a corresponding induced 
symplectic connection on the reduced manifold (Q,u'). We begin with 

3.1 Proposition. Let V be a differentiable manifold endowed with a folia- 
tion T and with a linear connection V such that: i) T is parallel with respect 
to V (i.e., V(TJF) C TT), ii) the torsion Ty of V takes values in TT, in) 
the curvature Ry of the connection V satisfies the condition 

(3.1) R V (Z, X)Y G rTjF, \/Z G ttf, VX, Y G TTV. 

Then V induces an J r -projectable connection on the normal bundle vT of 
the foliation T . 

Proof. By definition, vT = TV/TJ 7 , and a cross section a G YvT is an 
equivalence class a = [Y]^ where Y G TTV, and Y\,Y 2 yield the same class 
a iff Y\ — Y2 G TTJ 7 . Accordingly, the result of the formula 

(3.2) V x a := [V ' x Y] r (X G TTV) 

is independent of the choice of Y (hypothesis i)), and V is a well defined 
connection on vT . 

We want to show that V is .F-projectable i.e., it projects to connections of 
the local slice spaces of T . The conditions for this are: a) if a is a projectable 
cross section and X G TTJ 7 then V x cr = 0, b) if a is a projectable cross 
section of vT and X is a projectable vector field then V x a is a projectable 
cross section of vT [H]- We recall that the projectability of a means that the 
vector fields which represent a are projectable, which, in turn, means that 
their flow preserves the foliation T . 

Condition a) easily follows from i) and ii). 

For b), notice that \/Z G TTJ 7 , VX, Y G T pr TM one has 

V Z V X Y = V X V Z Y + V [ZyX] Y + R V (Z, X)Y G TTJ 7 , 
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because of a) and of hypothesis iii). (In (3.1), we didn't have to ask X, Y G 
T pr TM since, i?y being a tensor, (3.1) is a pointwise condition.) Accordingly, 
and using i) and ii) again, we get 

[Z, V X Y] = V z VxY - V VxY Z - T V (Z, V X Y) G TTJ 7 , 

therefore, V X Y G T pr TM. Q.e.d. 
Using Proposition 3.1 we get 

3.2 Proposition. Let (M,u) be a presymplectic manifold with the charac- 
teristic foliation X, and let V be a presymplectic connection on M. Assume 
that the curvature of V satisfies the condition 

(3.3) i(Rv(Z, X)Y))u = 0, \/Z G TTX, VX, Y G YTM. 

Then, if the reduced symplectic manifold (Q = M/X,uj') exists, it has a 
symplectic connection V' induced by V. 

Proof. It is easy to see that Vcj = implies hypothesis i) of Proposition 3.1 
for the foliation X on M. Hypothesis ii) holds because of the definition of a 
presymplectic connection, and iii) follows from (3.3). Therefore, there exists 
an induced projectable connection V' on vX, which, obviously, projects to 
a connection on Q that we also denote by V'. From the definition of V as 
given in the proof of Proposition 3.1, and since Ty takes values in J, it follows 
that, on Q, V' has no torsion and that Vw = implies Vuo' = 0. Q.e.d. 

We remember that hypothesis iii) of Proposition 3.1 is what ensures the 
project ability of the "X-normal part" of V. We want to notice that this 
property may also be expressed without the use of the normal bundle of 
X. Namely, if V is a manifold with a foliation J 7 , we will say that a linear 
connection V on V is J 7 - adapted if VX G TTJ 7 and VF G V pr TV, V ' X Y G 
TTJ 7 . Then if, moreover, VX, Y G T pr TV one has V X Y G T pr TV, we will 
say that the connection V is J 7 - projectable. These definitions are correct 
since they are compatible with multiplication of a vector field in TJ 7 by an 
arbitrary function, and with multiplication of X, Y G T pr TV by a projectable 
function. It is easy to see that any foliated manifold has adapted connections, 
and, if the foliation has a transversal projectable connection, the manifold 
has a projectable connection. 

On a presymplectic manifold (M,u), any presymplectic connection V is 
adapted to the characteristic foliation X. Indeed, X is V-parallel, and the 
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condition which was imposed on Ty yields 

(3.4) V X Y = V Y X + [X, Y\ + T V (X, Y) G TT1, 
\/X G TTI, VY G r pr TM. Using this remark, it follows 

3.3 Proposition. If the reduced symplectic manifold (Q = M/X,ou') of 
the presymplectic manifold (M, uj) exists, any I-projectable presymplectic 
connection V on M induces a symplectic connection V' on Q. 

Proof. Any vector fields X , y G TTQ are projections of vector fields X, Y G 
T pr TM, and if we put V x y = pr(V xY) we are done. Q.e.d. 

Proposition 3.3 raises the question of existence of projectable presymplec- 
tic connections on a given presymplectic manifold (M, u). 

First, we use the known technique of the almost symplectic case e.g., 
H to get all the connections which satisfy Vcj = 0. Let us fix a transversal 
distribution S of the characteristic distribution / (TM = S(Bl), a connection 

o 

D 1 on the vector bundle J, and a connection D s on the vector bundle S. 

o 

Then, change the connection D to the Bott connection 

(3.5) Df xl+x>)) Y' = pr s {X", Y'}+ D s x , Y', 
where X', Y' G TS, X" G TI, and define the connection 

(3.6) D = D S ®D I 

on TM. Furthermore, let us define 9 G TEnd(TM A TM, TM) by 

Q(X",Y") = 0, Q{X',Y") = 0, G(X',Y') G TS, 
(3 ' 7) u(Q(X',Y'),Z>) = \(D x ,u)(Y>,Z'), 

WX', Y' G TS, WX", Y" G TI. (The result is well defined because ui is non 
degenerate on S.) 

Using 0, we get a new connection on M namely, 

(3.8) v =J D + 6, 

and the evaluation of (V w)(X,Y) for X, Y G T pr TM yields V on = 0. 
Hence, we obtained one cu-compatible connection. Necessarily, all the others 
are given by 

(3.9) V =V +A, 
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where A e TEnd(TM A TM, TM) satisfies 

(3.10) u(A(X, Y),Z)+ u{Y, A(X, Z)) = 0. 
The torsion of the connection D given by (3.6) is 

o o 

(3.11) T D (X' + X", Y' + Y") =D S x> Y'- D S Y , X' 

— prs[X', Y'\ + term in VI 

o 

(notation of (3.5)). Hence, if we take D= prs ° K, where K is a torsionless 
covariant derivative on M, the associated connection D will have an /-valued 
torsion, and it will follow 

(3.12) du(X,Y,Z)= £ (D x u)(Y,Z) = 0. 

cycl.(X,Y,Z) 

Furthermore, the torsion of the connection (3.9) is 

(3.13) T V (X, Y) = T D (X, Y) + 6(X, Y) - Q(Y, X) + A(X, Y) - A(Y, X), 
where X, Y G TTM, T D (X,Y) e TI, and from (3.7), (3.12) we obtain 

(3.14) uj(T v {X', Y'), Z') = u{A{X', Y'), Z') - uj{A{Y', X'), Z') 

- l -{D z ,u){X\Y% 

where X\ Y', Z' e TTS. Then, if we ask A(X", Y) = for X" eTI,Y e 
TTM, and A(X', Y') e TS, and such that § 

(3.15) u(A(X',Y'),Z') = \{(D Y/ u)(X',Z') + (D z ,u)(X',Y')}, 

o 

we obtain a connection V which satisfies the condition 

u(Tv(X',Y r ),Z') = 0, 

therefore, V has an /-valued torsion. 

With a closer look at this latter connection we see that, in fact, the 
following result holds 
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3.4 Proposition. Every presymplectic manifold (M, u) has presymplectic 
connections. Moreover, the manifold has a projectable presymplectic con- 
nection with respect to the characteristic foliation X, iff the normal bundle 
of X has a projectable connection. 

Proof. The first part was already proven above. For the second part, if the 

o 

normal bundle vX has a projectable connection, we may use it as D of (3.5), 
and we see that the connection V defined by the use of (3.15) is projectable. 
Conversely, if V is a projectable presymplectic connection on (M,u), and if 
we put 

D x [Y]j = [V x Y]j VX, Y E TTM 

we get a projectable connection on vX. Q.e.d. 

We recall that a foliation has a projectable connection on its normal 
bundle iff the Atiyah class of the foliation vanishes ||. 
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